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The rotation curve of a magnetized plasma cloud orbiting in the gravitational potential of a
galaxy is calculated by statistical arguments. The working assumption is that a mild magnetic field,
decreasing with distance from the galactic center, permeates space. It is shown that the resulting
probability density is compatible with a flat rotation curve.
A galaxy rotation curve is the functional relationship
between the velocity with which matter rotates around
the galactic center, and the radial distance from the
galactic center. The discrepancy between the rotation
curve predicted by exact balance between gravitational
and centripetal accelerations and that obtained from ob-
servations [1, 2] is considered indirect evidence for the
existence of dark matter [3] or for the need of modifica-
tions of Newtonian gravity [4]. Indeed, the galactic mass
calculated from observed light distributions [5] does not
match the rotational velocity measured from neutral hy-
drogen emission in the radio frequency spectrum [6]. The
dark matter density profile needed to justify galactic ro-
tation curves can be modeled with the aid of N-body
simulations [7–9].
The purpose of this paper is to investigate the effect
of a galactic magnetic field on the rotation curve of a
plasma cloud (e.g. an H II region) orbiting in the gravi-
tational potential of a galaxy. Galaxies generally exhibit
magnetic fields of several µG that can be seen from ra-
dio synchrotron emission both in central regions, spiral
arms, and among spiral arms [10, 11]. Magnetic fields
play an important role in galactic dynamics and evolu-
tion [12, 13], and their effect has been studied with MHD
simulations [14]. The reason for exploring this problem is
that, even in a mildly ionized system (such as the hydro-
gen clouds [15] inside and at the edge of galaxies), any
rotational momentum acquired by the ionized component
due to magnetization will be gradually transferred to the
neutral component by thermalization, thus providing an
effective mechanism to stir the whole gas.
In order to determine the rotation curve of the plasma,
we will apply the arguments of equilibrium statistical me-
chanics. This has to be done with care, because the
time needed to reach the maximum entropy state for
an ideal collisionless system evolving under the effect of
long-range interactions [16] such as gravity [17, 18] di-
verges with the number of particles in the ensemble [19].
Instead, quasistationary states depending on the initial
conditions of the system can be achieved which exhibit
heterogeneous structures [20, 21].
In our model, the quasistationary states are obtained
as local entropy maxima that entail information on the
initial configuration due to the presence of topological
constraints that cannot be violated over the timescale of
the quasirelaxation (hence the constraints behave as adi-
abatic invariants [22]). This procedure has a concrete
justification once ergodicity is not imposed on the whole
phase space, but only over the regions of phase space (the
level sets of the constraints) that are dynamically accessi-
ble. Such regions are mathematically determined by the
Casimir invariants spanning the null-space of the Poisson
operator that characterizes the Hamiltonian formulation
[23] of single particle dynamics [24, 25].
First, let us determine the rotation curve of a neutral
gas within a potential φ = φ (r, z, θ), where (r, z, θ) is a
cylindrical coordinate system. This will be useful when
comparing the result for a magnetized plasma system.
The assumption on φ is that limR→∞ φ = 0, with R =√
r2 + z2 the radius of a spherical coordinate system.
To formulate a statistical model of the gas, we need
to identify the energy H (Hamiltonian) of single particle
motion (note that, in principle, the particle may repre-
sent any mass distribution that is negligible in size with
respect to the characteristic scales of the system), any
constant of motion C, and most importantly the invari-
ant measure dVI (if it exists) associated to the equations
of motion. The energy of a particle of mass m is:
H =
1
2
mv2 + φ =
1
2
m
(
v2r + ω
2r2 + v2z
)
+ φ, (1)
where vr = r˙, ω = θ˙, and vz = z˙. Setting z =
(vr, r, ω, θ, vz, z), the equations of motion can be cast in
the form z˙ = J ∂zH, with J the antisymmetric matrix:
1
m

0 −1 2ωr 0 0 0
1 0 0 0 0 0
− 2ωr 0 0 − 1r2 0 0
0 0 1r2 0 0 0
0 0 0 0 0 −1
0 0 0 0 1 0
 . (2)
Since J satisfies the Jacobi identity {f, {g, h}} +
{g, {h, f}} + {h, {f, g}} = 0 with {f, g} = ∂zifJ ij∂zjg,
where f , g, and h are smooth functions, the equations
of motion for z are a Hamiltonian system. Then, the
invariant measure is provided by the phase space volume
element:
dVI = dpx dx dpy dy dpz dz = m
3r2 dvr dr dvz dz dω dθ.
(3)
Here, the pis are the standard canonical momenta. In the
presence of a symmetry in the Hamiltonian, by Noether’s
theorem, there is an associated constant of motion. For
the case of interest, we consider the possibility that the
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2potential φ is independent of the angle θ (as is the case of
Keplerian rotation). The relevant invariant is therefore
the z-component of the angular momentum, Lz = ωr
2.
If one drops (reduces) the phase θ, the system becomes
5-dimensional, and the Poisson matrix J becomes de-
generate. The null-space will be spanned by the gra-
dient of Lz, implying that any choice of H will pre-
serve the vertical component of the angular momentum
(L˙z = ∂zLz · J ∂zH = 0 if J ∂zLz = 0), which becomes
a Casimir invariant.
The entropy S of the gas is given by the functional:
S = −
∫
f log f dVI, (4)
where integration is performed on R6, and f is the prob-
ability density on the invariant measure dVI (note that
it is crucial that f is defined on the measure (3) because
the argument of the logarithm must be a probability,
see [24]). The equilibrium probability density can now
be evaluated by maximization of entropy under the con-
straints of total energy E =
∫
fH dVI, total particle num-
ber N =
∫
f dVI, and total vertical angular momentum
Ωz =
∫
fL2z dVI, according to the variational principle
δ (S − αN − βE − γΩz) = 0 (α, β, and γ are real con-
stants). The functional form of the integrand in Ωz is
determined by observing that the conserved quantity Lz
must enter the constraint Ωz in the same way it enters the
Hamiltonian H, because, once multiplied by the appro-
priate chemical potential, Ωz must represent the change
in energy due to addition or removal of the constant of
motion. The result of the variation is:
f =
1
Z
exp
{−βH − γL2z} , (5)
with Z = e1+α a normalization constant such that∫
f dVI = 1. The corresponding spatial density ρ is:
ρ =
∫
fd3p = m3r
∫
fdvrdvzdω =
e−βφ
Z
(2pim/β)
3/2√
1 + 2γβmr
2
.
(6)
Similarly, denoting vθ = ωr, the (self) rotation curve is:
〈v2θ〉 =
∫
fv2θ d
3p∫
f d3p
=
(βm)−1
1 + 2γβmr
2
. (7)
If the system is symmetric with respect to all rotations,
we may replace Ωz with the total angular momentum
Ω =
∫
fL2 dVI and obtain analogous formulas:
f =
1
Z
exp
{−βH − γL2} , (8a)
ρ =
e−βφ
Z
(2pim/β)
3/2
1 + 2γβmR
2
, (8b)
〈v2rot〉 =
2(βm)−1
1 + 2γβmR
2
, (8c)
where v2rot = v
2 − R˙2 is the rotational velocity.
Now consider a body, say a star, orbiting within the
gas cloud at radius R. The rotation curve v∗ (R) of the
body can be estimated by assuming that it does not par-
ticipate to the gas relaxation process. In such case the
centripetal acceleration v2∗/R and the gravitational accel-
eration GM (R) /R2, with G the gravitational constant
andM (R) the gas cloud mass within R, must balance. In
the scenario of equation (6) with γ 6= 0, we have ρ ∼ R−1
at large radii on the plane z = 0. On the other hand, from
the balance equation GdM = d
(
Rv2∗
)
:
ρ =
v2∗
4piGR2
(
1 + 2
R
v∗
dv∗
dR
)
, (9)
which gives v∗ ∼
√
R. When the conservation of verti-
cal angular momentum is broken, i.e. γ = 0, one has
ρ ∼ const., leading to v∗ ∼ R. Similarly, in the scenario
of equation (8), γ 6= 0 implies ρ ∼ R−2 and v∗ ∼ const.,
and γ = 0 implies ρ ∼ const. and v∗ ∼ R. Neverthe-
less, from equations (6), (7), and (8) it is clear that the
constraint of total angular momentum is not compati-
ble with a non-decreasing rotation curve for decreasing
density. The scenario is different if, in addition to the po-
tential φ, we assume that a magnetic field B permeates
the gas cloud, and that particles can interact electromag-
netically, as in the case of an ionized gas.
An ionized gas is a plasma. In a magnetic field, a
charged particle performs a periodic motion around the
local magnetic field line, the cyclotron gyration. The an-
gular frequency of the gyration is given by ωc = eB/m,
with e the electric charge and B = |B| the magnetic
field strength. For a proton in a typical galactic environ-
ment at the hydrogen ionization temperature T ∼ 104K
within a magnetic field B ∼ 1nT , ωc ∼ 0.1Hz. The
radius of the gyration is given by rc = mvc/eB ∼ 105m,
where vc is the velocity of the gyration. The adiabatic
invariant associated to cyclotron motion is the magnetic
momentum µ = mv2c/2B. The motion of a magnetized
particle can be expressed in terms of the averaged dy-
namics of the guiding center (the point in the middle of
the cyclotron orbit). The guiding center Hamiltonian is:
Hg = µB +
m
2
v2‖ + φ, (10)
with v‖ the velocity along the magnetic field. In the
following we assume that the magnetic field has the ex-
pression B = ∇ψ × ∇θ, with ψ = ψ (r, z) the so called
flux function. In the case of a point dipole magnetic
field ψ = Mr2/(r2 + z2)3/2 with M a physical con-
stant. It is known [22] that the drift velocity vθ around
the z-axis (such as that of a gravitational orbit in the
z = 0 plane) does not contribute to the guiding center
Hamiltonian (10). This is because the canonical angu-
lar momentum pθ = mrvθ + eψ satisfies pθ ≈ eψ due to
the smallness of the particle mass, and therefore the ki-
netic term (pθ − eψ)2 /2mr2 is negligible. For a particle
moving with velocity vθ ∼ 105m/s in a dipole magnetic
3field B ∼ 1nT with characteristic length scale of 30 kpc
one has mrvθ/eψ ∼ me−1 10−7 C/kg. Hence, this ap-
proximation remains true even for more massive objects
bearing a small charge and moving in a galactic environ-
ment. Setting z =
(
v‖, `, ψ, θ, µ
)
, with ` a length coor-
dinate along the magnetic field, the equations of motion
for the guiding center (see [26]) can be cast in the form
z˙ = J ∂zH, where J is the antisymmetric matrix:
1
e

0 −em−1 0 v‖q` 0
em−1 0 0 −q 0
0 0 0 −1 0
−v‖q` q 1 0 0
0 0 0 0 0
 . (11)
Here q = ∇ψ · ∇`/|∇ψ|2 is a geometrical quantity mea-
suring the non-orthogonality of the coordinate system
(`, ψ, θ), and q` its `-derivative. The degrees of freedom
are only 5 because the phase θg of the cyclotron gyration
does not bear physical significance at the length and time
scales of interest. Since J satisfies the Jacobi identity,
this system is again Hamiltonian. However, the rank of
the matrix is 4 < 5, implying that there is a null-space of
dimension 1. It is immediate to verify that the vector ∂zµ
spans the null-space of J , making µ a constant of motion
since µ˙ = z˙ · ∂zµ. Integrals like µ depending only on the
form of the Poisson matrix J , which entails the geomet-
ric properties of space, are Casimir invariants. This is in
contrast with conservation of angular momentum, which
is a consequence of a symmetry in the Hamiltonian, i.e.
a property of matter (remember that conservation of an-
gular momentum can be transformed to a property of
space by reducing the associated phase variable). Due to
their ‘spatial’ nature, Casimir invariants can distort the
metric of the effective phase space of the system. Indeed,
the invariant measure of guiding center dynamics is:
dVg = dµ dv‖ d` dψ dθ = B dµdv‖ dx dy dz. (12)
Observe how the natural coordinate metric of the system
is not dx dy dz, but the measure d` dψ dθ = B dxdy dz
weighted by magnetic field strength. Hence, while a
magnetic field cannot perform work on a particle, it can
‘bend’ space. This has important consequences for statis-
tical mechanics, since the proper entropy measure must
now have the form (see [24]):
Σ = −
∫
P logP dVg, (13)
where P (z) is the probability density on dVg. Maxi-
mization of entropy under the constraints of total energy
Eg =
∫
PHg dVg, total particle number Ng =
∫
P dVg,
and total magnetic momentum M =
∫
PµdVg gives the
probability density function:
P =
1
Zg
exp {−βgHg − γgµ} , (14)
with Zg a normalization constant, and βg and γg real
constants. The spatial density profile is:
ρg = B
∫
P dµdv‖ =
(
2pi
βm
)1/2
e−βgφ
Zg
B
γg + βgB
. (15)
This density profile was first obtained in [22]. Further-
more, it has been shown that the probability density (14)
is a maximum entropy stationary solution of the Fokker-
Planck equation satisfied by an ensemble of magnetized
particles (see [24, 25]).
In order to calculate the rotation curve, first observe
that the guiding center equations of motion demand that:
ω =
1
e
[µBψ + φψ + q (µB` + φ`)]− m
e
v2‖q`. (16)
Here, the subscripts mean derivation. To simplify the
expressions, we shall neglect all factors involving the ge-
ometric term q, which is relatively small and exactly van-
ishes on the plane z = 0 in the case of a point dipole mag-
netic field (if needed, the following calculations can be
done by keeping q). The velocity of the rotation around
the z-axis is thus:
vθ =
r
e
(µBψ + φψ) . (17)
It follows that:
(18)
〈v2θ〉g =
∫
Pv2θ dµdv‖∫
P dµdv‖
=
r2
e2
[
2B2ψ
(γg + βgB)
2 +
2Bψφψ
γg + βgB
+ φ2ψ
]
.
Let us now compare the behaviors of ρg and vg = 〈v2θ〉1/2g
for different magnetic fields at large radii r >> 1 in the
plane z = 0. We consider magnetic fields such that
Bθ = 0, B (r, z) = B (r,−z), and with asymptotic be-
havior B (r, 0) =Mr−λ for some non-negative real con-
stant λ. For a point dipole magnetic field λ = 3 and
B (r, 0) = Mr−3. We further assume that the poten-
tial φ is dominated by the gravitational pull of a mass
M0 located in proximity of the center of the system,
R → 0. This mass could represent the massive cen-
tral bulge of a galaxy. The potential has thus the form
φ = −GM0m/R. Notice that, in addition to the self-
induced gravitational potential, the electric component
of the potential energy is neglected under the assump-
tion that, on average, the plasma charge is canceled by
that of a second plasma with opposite charge. It follows
that ρg (r, 0) ∝M/
(
βgM+ γgrλ
)
because limr→∞ φ = 0
and the exponential term in (15) approaches 1 at large
r. Furthermore,
Bψ (r, 0) = (Brrψ +Bzzψ)z=0 =(
Br∇r · ∇θ ×∇`
B
)
z=0
= − (Br`z/rB)z=0 = λr−2.
(19)
4Here we used Br (r, 0) = −λMr−λ−1, zψ = 0, and `z = 1
at z = 0. φψ (r, 0) can be evaluated in a similar way:
φψ (r, 0) = −
(
φr`z
rB
)
z=0
= −GM0mM r
λ−3. (20)
Then, at r >> 1, we obtain:
v2g (r, 0) =
1
e2
[
2λ2r2(λ−1)
(γgrλ + βgM)2
− 2λGM0mr
2λ−3
M (γgrλ + βgM)
+
G2M20m
2r2(λ−2)
M2
]
∼
(
GM0m
eM r
λ−2
)2
.
(21)
When λ = 3 (point dipole case), vg ∼ GM0mr/eM.
Hence, in the presence of a magnetic field scaling as r−3,
the relaxed density profile decreases steeply at large radii,
but the rotational velocity exhibits an opposite increasing
behavior. This holds true also for λ > 3 with vg scaling as
rλ−2. Furthermore, observe that for λ > 3 the total mass
M (R) of the plasma does not diverge with growing R,
but converges to a constant value. For example, if λ = 6,
the spherical approximation ρg ∝ 1/
(
βgM/γg +R6
)
leads to M (R) ∝ arctan
(
R3
√
γg/βgM
)
→ pi/2 in the
limit of large R. When λ = 2 the rotational velocity
approaches the constant value vg ∼ GM0m/eM at large
radii. Therefore, a magnetic field scaling as r−2 is com-
patible with a decreasing density profile and a flat rota-
tion curve. For a proton, vg ∼ 1.4 1012 (M0/M) /M,
with M the solar mass, and M having units of mag-
netic flux T m2 and representing the order of the mag-
netic flux through the galaxy surface. If M0/M ∼ 1010
andM∼ 1018 T m2, vg ∼ 104m/s. When 0 ≤ λ < 2, the
rotation curve falls toward zero at large radii. Figure 1
shows the radial profiles of ρg (r, 0), vg (r, 0), and φ (r, 0)
for the case λ = 2. We remark that the rotation curve
(21) breaks down as soon as the particles cease to be
magnetized. Therefore, at distances where the magnetic
field becomes negligible we expect the rotation curve to
return to that of a neutral gas, equations (7) and (8).
FIG. 1: (a) Plots of ρg (r, 0) /e−βφ(r,0) (red line), vg (r, 0) (blue
line), and −φ (r, 0) (dashed green line) for λ = 2. (b) Plots of
vg (r, 0) for λ = 2 and γg = nγg0, with n = 1, ..., 8. For higher
values of n the asymptotic velocity is achieved at smaller radii.
Arbitrary units are used.
Finally, consider again a body, say a neutral hydro-
gen atom or a star, orbiting within the plasma cloud
at a distance R. Under the assumption that the body
does not participate to the relaxation process (hence
centripetal and gravitational accelerations balance each
other), we can calculate its rotation curve v∗ (R) from
equation (9) by taking into account of both M0 and the
plasma mass M (R). In the approximation of spherical
symmetry, ρ ∝ R−λ, one obtains the asymptotic behav-
iors v∗ ∼
√
logR/R for λ = 3, and v∗ ∼ const. for λ = 2.
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